Journal of Geometry and Physics 213 (2025) 105484

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/geomphys

The nonholonomic bracket on contact mechanical systems n

Check for
updates

Victor M. Jiménez *-*, Manuel de Le6n b,c

@ Universidad Nacional de Educacién a Distancia (UNED), Departamento de Matemadticas Fundamentales, Calle de Juan del Rosal 10, 28040,
Madrid, Spain

b nstituto de Ciencias Matemdticas, Campus Cantoblanco Consejo Superior de Investigaciones Cientificas C/ Nicolds Cabrera, 13-15, 28049,
Madrid, Spain

€ Real Academia de Ciencias de Espafia, C/ Valverde, 22, 28004 Madrid, Spain

ARTICLE INFO ABSTRACT

Artic{e history: In this paper, we study contact nonholonomic mechanical systems. The contribution of
Received 25 September 2024 the paper could be divided into two blocks. Firstly, we present a general framework
Received in revised form 25 February 2025 for contact constrained dynamics in such a way that the constraints are geometrically

Accepted 8 March 2025

Available online 13 March 2025 described by a submanifold of the contact manifold and the reaction forces are given

by a distribution along the constraint submanifold. In this framework, we describe the
constrained differential equations, examine the conditions for the existence and uniqueness

Ic(f){lvgcrtdzeometry of solutions of these equations, and construct two different brackets of functions which
Non-holonomic mechanics describe the evolution of the system. We also prove that nonholonomic contact Lagrangian
Lie brackets systems are particular cases of the above general framework. In addition, this general
Regular distributions framework permits us to develop the Hamiltonian counterpart and, in this setting, we
present the second main contribution of the paper: the construction of another bracket,
which is a natural extension of that defined by R.J. Eden, but now it is an almost Jacobi

bracket since it does not satisfy the Leibniz rule.
© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, Al
training, and similar technologies.

Contents

T INETOAUCHION . . . . e e e e e e e e e e e e e e e e e e e 2
2. Contact Hamiltonian SYSEIMS . . . . o vttt it e et e e et e e e e e e e et e e 2
3. General framework for contact Hamiltonian constrained dynamics. . . .. ... .ottt it e 7
4. Nonholonomic brackets . . ... ... ... 11
4.1.  The P-nonholonomic bracket. . . . .. ...t 13
5.  Contact Lagrangian dyNamiiCS . . .. ..o vttt ittt ettt e e ettt e e e e e e e e e e 16
6.  Constrained dynamics of contact Hamiltonian SyStems . . .. .. ... ...ttt e et e e e e e e e e 18
6.1.  The contact Eden bracket . . . .. .. ... ittt et e e e e e e e e e e e 24
7. Chaplygin's Sleigh. . . . . e e 27
8. Conclusions and further Work . . . . . . ... 28
ACKNOWIEAZEIMENLS . . . . v vt ittt et e e e e e e e e e e e e e e e e e e e 28
Data availability . . . . .o e e e e e e e 28
REfOIOIICES . . o ottt 29

* Corresponding author.
E-mail addresses: victor.jimenez@mat.uned.es (V.M. Jiménez), mdeleon@icmat.es (M. de Ledn).

https://doi.org/10.1016/j.geomphys.2025.105484
0393-0440/© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://doi.org/10.1016/j.geomphys.2025.105484
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/geomphys
http://crossmark.crossref.org/dialog/?doi=10.1016/j.geomphys.2025.105484&domain=pdf
mailto:victor.jimenez@mat.uned.es
mailto:mdeleon@icmat.es
https://doi.org/10.1016/j.geomphys.2025.105484

V.M. Jiménez and M. de Le6n Journal of Geometry and Physics 213 (2025) 105484

1. Introduction

The study of nonholonomic mechanics has a long-standing history (see historical reviews in [15] and [7,6]), but they
undergo a spectacular development after its description in geometrical terms (see [42,33,5,4,20,3]. Indeed, the use of the
tools of differential geometry is a turning point, just as happened in particle mechanics with the use of symplectic geometry
and Lie groups (see [2,1,35,21]). The book [38] is also an extraordinary source of examples and practical applications of
nonholonomic systems, and is always a mandatory reference on the subject.

One of the most relevant constructions in the case of nonholonomic systems is a bracket which allows us to obtain the
evolution of an observable; this bracket will obviously be non-integrable, i.e., an almost-Poisson bracket. This type of bracket
was first considered in two pioneering papers by Eden [26,27], and described more clearly in a paper by van der Schaft and
Maschke [41]. Later, de Le6n et al. [11] defined in an intrinsic way a nonholonomic bracket which turned out to coincide
on the constraint submanifold; to do that, they used two alternative symplectic decompositions of the tangent bundle of
the phase space, constructed independently by de Leon et al. [11] and Bates and Sniatycki [3]. Recently, de Leén et al. [25]
proved that it also coincides with what could be called Eden’s bracket.

These considerations refer to nonholonomic systems in symplectic environments, both in the case of Lagrangian and
Hamiltonian descriptions. Of course, the time-dependent case has also been treated using cosymplectic geometry. But re-
cently a great interest has arisen in the case of contact Hamiltonian systems, which reflect a dissipative nature as opposed
to the conservative nature of symplectic systems [22,9,8,16,18,19]. This has led to study (we believe for the first time) the
case of contact nonholonomic [24] systems, in which apart from obtaining the equations of motion, a nonholonomic bracket
is defined which is almost Jacobi, i.e., it satisfies neither satisfies the Jacobi identity nor the Leibniz identity.

The contributions of the present paper may essentially be summarized into two main blocks. The first contribution
is to construct a general framework for contact constrained dynamics by considering a contact manifold (P, n), a constrained
submanifold M C P and a distribution F on P encoding the reaction forces. Here, we describe the associated constrained
differential equations, and extensively study the uniqueness and existence of solutions of these equations. In fact, it should
be noticed that we present a specific way of projecting the solutions of the unconstrained equation into solutions of the
constrained equation. In this general framework, we were able, in addition, to construct two different brackets, and we
study the relation between them. The first one, the nonholonomic bracket, is given by an almost Jacobi structure, and it
provides the evolution of observables. For the second one, the P-nonholonomic bracket, we define a new projection P in
such a way that, under some conditions, it also projects the unconstrained dynamics onto the constrained dynamics. This
projection gives rise to a different almost Jacobi structure which induces the P-nonholonomic bracket. Finally, we prove that
both brackets coincide on the constraint submanifold. Furthermore, we compare this general framework with the previously
one defined for contact Lagrangian dynamics [24], and we prove that the constrained dynamics induced by a Lagrangian on
a manifold Q, subjected to a regular distribution of kinematic constraints, is just a particular case.

We take advantage of this development made in such a general context to develop the Hamiltonian counterpart of non-
holonomic systems from the Lagrangian side, via the Legendre transformation. Thus, we describe in detail the nonholonomic
bracket for the constrained Hamiltonian system, and its associated almost Jacobi structure.

The second contribution of the paper is, essentially, to extend the Eden construction in the case of mechanical systems [26,27],
that is, when the kinetic energy comes from a Riemannian metric, and so, we obtain a bracket d la Eden that coincides
with the previous ones. This opens new perspectives to study the possible quantization of these systems, which has been
outlined in the symplectic case. Indeed, this was the motivation for Eden’s pioneering work under Dirac’s supervision.

The paper is structured as follows. Section 2 is devoted to give an introduction to contact Hamiltonian systems, in
order that the paper will be as self-contained as possible. In Section 3 we develop a general framework for nonholonomic
systems, in the sense that we consider a contact manifold, a constraint submanifold and a bundle of forces acting on the
system. Then, we obtain conditions for the existence and uniqueness of dynamical solutions of the corresponding equations.
Section 4 is devoted to obtain two nonholonomic brackets using two different decompositions of the tangent bundle of the
phase space, and we prove that both coincide. In Section 5 we use the above procedure just to the Lagrangian case and,
thus, we re-obtain the almost Jacobi bracket given in [24]. In Section 6 we apply the general scheme developed in Section 3
to the case of contact Hamiltonian nonholonomic systems, and, in the particular case when the kinetic energy comes from a
Riemannian metric, we define the corresponding Eden bracket, which coincides with the previous ones. Finally, in Section 7
we illustrate the results of the paper by calculating the nonholonomic bracket in an example: a sleigh with homogeneous
and isotropic Rayleigh dissipation.

2. Contact Hamiltonian systems

In this section, we will give a brief introduction to contact structures and contact Hamiltonian systems. We will start
with a more general geometric structure, the so-called Jacobi manifolds [32,36,35].

Definition 1. A Jacobi manifold is a triple (M, A, E), where A is a bivector field (namely, a skew-symmetric contravariant
2-tensor field) and E € X(M) is a vector field, such that the following identities are satisfied:

[A,A]=2EAA (1)
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LeA =[E,A]=0, (2)

where [ -, -] is the Schouten-Nijenhuis bracket.

By using the Jacobi bivector A, we may induce a vector bundle morphism between T*M and TM.
fa:T*"M - TM
a— Ao, -). 3)
On the other hand, the Jacobi structure induces (and it is characterized by) a Lie bracket on the space of functions
C°° (M), which is called Jacobi bracket.
Definition 2. A Jacobi bracket {-,-} on a manifold M is a map {-, -} : C*°(M) x C*(M) — C*°(M) that satisfies

1. (C*®°(M),{-,-}) is a real Lie algebra. That is, {-, -} is R-bilinear, antisymmetric and satisfies the Jacobi identity:

{f Ag. M} +{g.th. f+{h.{f. g}

for arbitrary functions f, g,h € C*(M).
2. It satisfies the following locality condition: for any f, g € C*°(M),

0 (4)

supp({f, g}) € supp(f) Nsupp(g), (5)

where supp(f) is the topological support of f, where the closure of the set in which f is non-zero.

Namely, (C*°(M), {-,-}) is a local Lie algebra in the sense of Kirillov [32].

Thus, given a Jacobi manifold (M, A, E) we can define a Jacobi bracket as follows

{f.g}=A(df.dg) + fE(®) — gE(f). (6)

Conversely, for a Jacobi bracket {-, -}, we may consider the vector field E given by,

E(f)={1,f}, YfeCc™M).

Then, its associated Jacobi structure is defined by Eq. (6). In fact, we may prove the following result.

Theorem 1 ([17]). Given a manifold M and a R -bilinear map {-, -} : C*° (M) x C*°(M) — C® (M), the following assertions are equiv-
alent.

1. The map {-, -} is a Jacobi bracket.
2. (C*®°(M), {-, -}) is a Lie algebra which satisfies the generalized Leibniz rule,

{f.gh}y=g{f.h}+h{f, g} + ghE(f), (7)

where E is a vector field on M.
3. There is a bivector field A and a vector field E such that (M, A, E) is a Jacobi manifold, and {-, -} is given as in Eq. (6).

Given a function f e C°°(M), its associated Hamiltonian vector field Xy is given by

Xp=#af)+ fE, (8)

where 5 : T*M — TM is defined by Eq. (3).
The characteristic distribution C of a Jacobi manifold is spanned by all the Hamiltonian vector fields, that is,

C=Imt, + (E).

As we have mentioned, a particular case of Jacobi structure is provided by a contact form.

Definition 3. A contact manifold is a pair (M, ), with M a manifold of dimension 2n+ 1 and 7 is a 1-form on M in such a
way that n A (dn)" is a volume form; then, n will be called a contact form.

Notice that, a contact form may be equivalently defined as a non-vanishing 1-form 7 such that, for each q € M, the
restriction deer(nq), is non-degenerate, i.e., it is a symplectic form on the vector bundle Kern (see [34]).

3
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Remark 1. Notice that some authors define a contact structure as a smooth distribution D on M such that it is locally
generated by contact forms 1 via their kernels. This definition is not equivalent to ours, and is less convenient for our
purposes, as explained in [16]. For a detailed study on contact forms, we recommend [35,40].

Example 1. Consider the canonical coordinates (x', y/,z) on R?"*1, and define the 1-form n on R?™*1 as:
n=dz— y'dx. (9)

A simple computation shows that (R¥'*1, p) is a contact manifold.
We also have

dn =dx' Ady'. (10)
Thus, the family of vector fields {X;, Y;}; defined by
im0y oy ? (11)
Zox Yoz T oyl

generates the kernel of 7. Furthermore,
dn (Xi, Xj) =dn(Yi, Y)) =0, dn(X;,Y;) =6
In fact, any contact form locally looks like the contact form defined in Example 1.

Theorem 2 (Darboux theorem). [30] Suppose 7 is a contact form on a 2n + 1-dimensional manifold M. For each x € M there are local
coordinates (q', pi, z) centered at x such that

n:dz—pidqi. (12)

This system of coordinates will be called Darboux coordinates.

We can check that 7 is a contact form, if and only if, the mapping
b:TM — T*M,
(13)
Vi tydn 4+ n(v)n,

is a vector bundle isomorphism. We will also denote by b : X(M) — ©1(M) its associated isomorphism of C°(M)-modules.
The inverse of b will be denoted by .
By using this isomorphism, one may define the Reeb vector field R as the unique vector field on M satisfying that

p(R)=n

Equivalently, R is the unique vector field on M such that

irdn =0, (rn=1. (14)
Observe that in Darboux coordinates, the Reeb vector field R is the partial derivative % In fact,
o b (%l) = —dgq'

b ((,%1) =dp; — pin
Then,

o 2(dg') =55
o £(dpi) = 5% +Pizs
o £(d2) =3 — Pigs

The notion of contact Hamiltonian vector field Xy for a Hamiltonian function H : M — R, is defined by the formula

b(Xy) =dH — (R(H) + H) . (15)

Then, it is locally expressed as follows
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_dH 9 8H+ OHY\ 9 n 0H y 0 (16)
"= 5pi og aq' Pz ap; bi ap; 9z
Therefore, its integral curves satisfy the contact Hamilton equations
dg oH
dt  api
dp; oH oH
dpi __9H _ oH (17)
dt aq 0z
dz  0H
dt bi api
We may define the Jacobi structure (M, A, E) associated to the contact manifold (M, n) as follows
A, B) = —dn(t(@), (), E=-R. (18a)

One can prove that the Hamiltonian vector fields X; defined with both structures, Eq. (3) for Jacobi or and Eq. (15)
for contact, coincide. Equivalently, the notion of contact Hamiltonian vector field Xy for a Hamiltonian function H, can be
alternatively obtained by the formula

Xy =ta(dH) — HR. (19)

Observe that, in the case of contact manifolds, the map £, can be written directly in terms of the contact structure [16,
Section 3] as:

ga(a) =t(@) —a(R)R. (20)
Remark 2. It is important do not confuse f (the inverse of b), with §5 (the morphism from T*M to TM associated to A).

Using the contact form 7, the tangent bundle of M may be decomposed into a Whitney sum as

TM = kern @ kerdn. (21)

Furthermore, it is easy to realize that kerdn is generated by the Reeb vector field R. Notice that, £, is not an isomorphism,
since

kerfia = (1)
Therefore,
fa (T*M) =kern
Thus, the above decomposition (21) may be written in terms of the Jacobi structure A.

Definition 4. Let Dy C TyM be a subspace, where x € M. We say that Dy is

1. Horizontal if Dy C ker 1.

2. Vertical if Ry € Dx.

3. Oblique otherwise. By a dimensional counting argument, this is equivalent to Dy = (Dx N kerny) @& (Rx + vx), with
vy € kerny \ Dy.

We say that a distribution D is horizontal|/vertical/oblique if Dy is horizontal|vertical/oblique, for every point x, respectively.

For any fixed contact form 7, me may define the following 2-tensor,
w=dn+n®n. (22)
Then, b is the contraction of w (see Eq. (13)).

Definition 5. Let be D C TM a distribution on M. Then, we may define the following notions of complement with respect

to w:
Dt = {(veTM|w(w, v)=b(w)(v) =0, YW € D} = (b(D))°, (23)
ID={(veTM | w(v,w)=0,VweD}=b"1(D°.

DL and 1D will be called right and left orthogonal complements respectively.

5
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Observe that, considering w_ as the 2-tensor associated to the contact form —7, then we have, o (w,v) = w_ (v, w),
for all v, w € TM and, therefore,

D_t={veTM|w_(w,v)=0, Yw € D}

We have
“oh=¢D) =D (24)
Furthermore, we may interchange sums and intersections, i.e.,
(DNt =D+ +1, (25a)
D+Dt=ptnrt, (25b)

for all distributions D and I" on M (for the left complement, we obtain identical identities to those in the right case).
Lemma 3 ([24]). Let D be a distribution on M.

e If D is horizontal, then

Dt=1D={veTM|dn(v,w)=0, Yw € D}. (26)

Hence, D+ is vertical.
o If D is vertical, then

Dt=ip={ve kern | dn(v,w) =0, Yw € (D Nkern)}. (27)

Hence, D+ is horizontal.

In what follows, we will omit the word contact and call Xy simply a Hamiltonian vector field. The triple (M, n, H) will be
called contact Hamiltonian system.

Proposition 1. Let H be a Hamiltonian function. The following statements are equivalent:

1. Xy is the Hamiltonian vector field of H.
2. It satisfies that

n(Xy) =—H, (28a)
tx AN kern = dH kerp (28b)
3. It satisfies that
n(Xy) = —H, (29a)
Lxyn =an, (29b)

for some function a. Notice that this implies that a = —R(H).

By Cartan’s formula, formulas (29a) and (29b) imply the following identity

txydn =dH — R(H)n. (30a)

Thus, in contrast with the symplectic case, the energy and the phase space volume are not preserved. In fact, denoting the
volume form by Q = n A (dn)", the energy and volume dissipation are given by the following formulas:

i)

Lx,H=—R(H)H. (31)
ii)

Lxyn=—-RH)n. (32)
iii)

Lxy,Q=—Mn+1DRH)Q. (33)
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3. General framework for contact Hamiltonian constrained dynamics

Assume a 2n + 1-dimensional contact manifold (P, ) equipped with a Hamiltonian function H : P — R. The constraints
will be codified into an r-dimensional embedded submanifold M of P, called the constraint submanifold. Furthermore, we
will consider a regular distribution F on P along M, namely, a vector subbundle of Ty P (the space of tangent vectors to P
at points in M). In general, the distribution F characterizes the reaction forces, via the annihilator F°.

Thus, we are interested in finding vector fields X € X (P) that are tangent to the constraint submanifold M and satisfy
the following equations

b(X)=dH — (H+RH))n+ 1V,

where WY are reaction forces and 1A, are some Lagrange multipliers to be determined. In other words, we are looking for
solutions of the following equations

b(X)—dH H+R(H F°
{() +(H+RH)ne G4

XimeX(M).

From now on, we will consider (qi, Di, z) as a (local) system of Darboux coordinates for 1. Let {¥? = d>qui + Widp; +
p%dz} be a (local) basis of 1-forms of F°, and a vector field Y on P such that

b(Y) e F°. (35)
Then, there exist some (local) functions A, such that
b(Y) = a¥? = Aq®%dq" + AeWidp; + Aqu’dz.

Observe that n =dz — pidqi and, hence, dn = dqi Adp;. Thus,

a_ d _ d d
r-rmi) () ()

g =¥ (d)
Analogously, contracting by % we obtain that n (Y) = A,u? and

Y (2) = hq [0® + pi V] ]

Finally,

. 9 9 9
Aa®@j = {b(Y)} (a—(]l) =1ydnq (a—q,> +1nq (Y)nq <8_q')

==Y (pi) — hait"pi
Then,

Y (pi) = —Aa[upi + ®f].

Now, let us observe that a vector field X solving Eq. (34) should satisfy that b (X — Xy) € F°, where Xy is the solution of
the contact Hamiltonian system (17). Therefore,

x=|2 4|l oM 8H+k( + o)
= i aiaq 3ql pza a (U°pi

oH H 4 g (19 + pi¥) 0
Pzapl a (1 + pi 3z

The Lagrange multipliers A4 will be determined from the tangency condition to M, and, taking into account the generality of
the model, they will generally not be unique. Notice that M may be locally described in terms of independent (local) functions
{¢?} on P in the following way

apl

M={xeP | ¢°(x)=0, Ya} = ¢~ ' (0),

where ¢ = (¢!, ..., 9?"~17"). These functions ¢® will be called constraint functions defining M.

7
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Theorem 4. Let be a Hamiltonian function H : P — R, and M C P a constraint submanifold. Let X be a vector field on P satisfying
Eq. (34). Then, the integral curves & of X are solutions of the following equations,

ddii =0 4 5,0

t apt 1

dp; _ oH 0H )

& =54~ Piy —ra(upi+ ) (36)
E  =pif —H+4a(u"+pi)

¢ (¢) =0,Va

Eq. (36) will be called constrained Herglotz equations. Furthermore, in case of existence and uniqueness, the solution X to
Eq. (34) will be called constrained Hamiltonian vector field and denoted by Xy p.

Definition 6. A constrained Hamiltonian system is given by a quintuple (P, n, H, M, F), where H : P — R is a Hamiltonian
function on a contact manifold P with contact form 7, M is an embedded submanifold of P, and F is a regular distribution
on P along M.

In general, the existence and uniqueness are not guaranteed.
Let be the vector subbundle of Ty P defined by # (F®) = L F, with # =b~'. Then, for any two solution X and Y to Eq. (34),
the difference X — Y is tangent to -F N TM. In other words, we have proved the following result:

Proposition 2. The uniqueness of solutions of Eq. (34) is equivalent to the condition
LFNTM = {0}. (37)

Let us assume that rank (F) = dim (M). Then,
LF®TM=TyP, (38)
where Ty P consists of the tangent vectors to P at points of M. Therefore, we may consider these two projectors:

P:TyP —TM, (39a)
Q:TyP — *F. (39b)

Let be X =P (XH‘M), where Xy is the restriction to M of the Hamiltonian vector field Xy associated to H (see Eq. (15)).
Then, by definition, X € X (M). On the other hand, at points of M, we have

b(X)—dH+H+RH)n
=b(Xp — Q(Xp)) —dH+ (H+R(H)7n
=—b(Q(Xn)) € F°

Therefore, by uniqueness, P (XH‘M) = Xu M is the solution of Eq. (34).
Corollary 1. If rank (F) = dim (M), then condition (37) implies both the existence and uniqueness of solutions.
Nevertheless, this corollary is not a necessary condition for the existence of solutions.
Lemma 5. Eq. (34) admits solutions if, and only if,
dH — (H+RH)n € (TML n F)°
Proof. Notice that b (Xy,m) € b (TM) = (TM*)°. Then, there exists ® € F° such that
dHjm — (H + R (H) i =b (X)) + ® € (TMi)o 4 Fo= (TML N F)° 0

Furthermore, in the particular case in which the Reeb vector field R is tangent to the constraint submanifold (TM is
vertical) or n is in F° (F is horizontal), we may improve the above result.

8
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Corollary 2. Assume that TM is vertical (Rym € X (M)) or F is horizontal ( € F°). Then, Eq. (34) admits solutions if, and only if,

dH e (TML N F)°
Remark 3. Notice that
x—;1(\11‘1)—\11“1—[<1>“1L ¢ ~]i+[ ¢+l ]i (40)
a= =i 3 i ™M Di ap; W k Pk 9z
is a (local) basis of sections of the subbundle L F. Then, a vector field Y = Y/ X, is tangent to M if, and only if,
Rl Rl g
Vo lwe e o 4t p] SE [+ 9] 2 | =0, va
|: i aql 1+M pl apl + I'L + kpk az
Therefore, the matrix C with entries,

a

Rl Rl g
C =qﬂ?—.—[q>‘?+ b ]—+[ b+ w ]
ab g i T M Di ap; n Pk 9z
represents the property (37) of uniqueness. Indeed, the condition of uniqueness (37) is satisfied if, and only if, the rank of C is
maximal and equal to 2n + 1 — rank(F). Thus, as a consequence, a necessary condition for uniqueness of solutions of Eq. (34)
is that

(41)

rank(F) > dim(M).

Assume now that rank(F) =dim(M), i.e., Eq. (34) has the property of uniqueness and existence of solutions (Corollary 1).

Let {®;} be a (local) basis of TM. Then, the restriction of any vector field Y € X (P) to M may be locally written as,
Yim=Y'0; +21%X,.
Then, applying TP we have that
Teb (V) =Y <<pb) = A%Cpa.
Thus, we obtain
A=y ((pb) che, (42)
where CP® are the entries of the inverse matrix of C. Hence,

e O (Y\M) =Y (<pb)Cb“Xa.
° P(Y|M) = Y|M -Y ((pb) CbaXa.

Therefore, an explicit (local) expression of the solution Xy p is given by

Xim = X — X (#7) " Xa (43)

Notice that, for the case of rank (F) > dim(M), we may still obtain the unique solution for Eq. (34) by projecting the
Hamiltonian vector field Xy. In this case 1F & TM < Ty P. However, by existence condition given in Lemma 5, we have

Xp=t(dHmM)—(H+RH)Re FHTM.

Then, we may still consider the projection Xy y =P (XH‘M) and it will be a solution for Eq. (34). Thus, we may calculate
the solution Xy y to Eq. (34), by projecting the Hamiltonian vector field Xy via P, even in the most general case in which
there is uniqueness and existence of solutions to Eq. (34).

From now on, we will assume existence and uniqueness of solutions. Then, by applying b, we have two projections, P
and Q, of the vector subbundle, TM & F° of Ty P such that TM =b (TM). Then, for all ay € T;P, with x € M, the associated

projections Q: TM @& F° — F° and P:TM & F° — TM are given by

o Q(ay) =b(Q(t ().
o P (ax) =b (P (#(ax)).
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Theorem 6. Let X be a vector field on P. Then, X satisfies Eq. (34), if, and only if,

b(X)=P(dH+ (H+R(H)n)
XimeX(M).

Notice that, by Lemma 5, we have that
dH — (H+R(H)n € (TML n F)O —TM o F°

Then, it may be projected by P.
At this point, we would like to highlight a relevant family of constrained Hamiltonian systems.

Definition 7. A constrained Hamiltonian system (P, n, H, M, F) satisfies the mechanical condition if dHm € 1F°.

This condition might appear “artificial”. However, considering that TyP =1 F@®TM, let vy € Ty P such that vy = vf+v¥,
where v € LF and vM € TM. Therefore,

dH (vy) = dH (v,’Y’) ,

i.e.,, dH remains invariant for tangent vectors to the constraint manifold M, and for any other tangent vector vy, it acts only
on its component tangent to M, v)’:/’ . In other words,

dH o P =dHy,

which means that the mechanical condition can be interpreted as stating that dH|y depends only on TM as a fiberwise
linear map on Ty P. Thus, the derivative of the Hamiltonian at points in the constraint submanifold M depends solely on
the constraint manifold.

The first consequence of this property is given in Lemma 8, which is crucial for constructing the first non-holonomic
bracket.

We will demonstrate that this is, in fact, a natural condition when studying Hamiltonian and Lagrangian constrained
dynamics in the subsequent sections. Specifically, we will prove that all Lagrangian and Hamiltonian systems of mechanical
type satisfy these mechanical conditions.

Theorem 7. Let (P, n, H, M, F) be a constrained Hamiltonian system, with R tangent to F. A vector field X on P satisfies

b(X) —dH + (H+R (H)) 7y € F°

if, and only if,
Lxn+R(H)neF°
xn n (45)
n(X)=—H.
Proof. Assume that X fulfills the condition
b(X)—dH+ (H+R(H))ne€F° (46)

Then, applying R (R € F), we have that
nX)=-H
Then, the above equation reduces to

ixdn —dn(X) +R(H)n e F°
In other words,
Lxn+R(H)neF°
The converse is proved by reversing the above arguments. O

10
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Thus, this result permits us to give another geometric equation which is equivalent to Eq. (34). Notice the similarity with
the result on energy dissipation of the Hamiltonian vector field (32). In fact, we know that contact Hamiltonian vector fields
model the dynamics of dissipative systems and, contrarily to the case of symplectic Hamiltonian systems, the evolution does
not preserve the energy, the contact form and the volume, i.e.,

Lx,H=—-R(H)H,
Lxyn=—R(H)n,
Lx,Q=—-Mn+1)RH)RQ.
This result may be naturally generalized to the case of nonholonomic constraints by using the projectors P and Q.
Proposition 3. Let (P, n, H, M, F) be a constrained Hamiltonian system satisfying the mechanical condition. Assume that LFNTM =

{0} (uniqueness) and rank(F) = dim(M) (existence). Then, a vector field X solving the constrained Herglotz equations (34) satisfies
that

LxH=—R(H)H — Lo H. (47a)
Lxn=-RH)N—Loxmn (47b)
L
Ly = — =21 (47¢)
H
LxQ=—n+1DRHEHQ—nAd"D AdLox,)n. (47d)
LxQ=qAdi" "V AdLoxi (47¢)

where 7j = n/H, assuming that H does not vanish, Q = n A (dn)" is the contact volume element and = 7} A (d})".
Furthermore, if R € F, we have that Lgx,n € F°.

Proof. The first item follows from P (Xy) = X and Lx,H = —R (H) H. The second item can be proved in an analogous
way. Then, by using Theorem 7, we have that Lgx,)n € F°.
For the third assertion, we use the product rule

1 1
LxN=—L X[ —
X1 q xn+ (H>77

1 1
———(RH x( =
H(R( )N+ Loxyn) + <H> n

1 R(H)H + LoxH
=~ (R N+ Lownm) +71 o
__Loxwn  LoxwH

H H?2
__Lowwn
H

For the last equality, we have used mechanical condition. For the fourth claim, we perform the following computation.
Lx@ A dm™h) = =RH)Q+nn A dn)" " AdLxn
=—m+DRHNA@AN" =71 A dn(”’l) ANALox -

An analogous computation proves the fifth claim. 0O
4. Nonholonomic brackets

This section is devoted to present the nonholonomic bracket of functions, which may be defined on a constrained
Hamiltonian system (P, 7, H, M, F). We will present different ways to construct a nonholonomic bracket, and we study
the relation between them.

First, we will construct a nonholonomic bracket for constrained Hamiltonian systems (P, n, H, M, F) satisfying the
mechanical condition, which is a natural generalization of the one in the particular case of constrained Lagrangian contact
dynamics [24]. To do this we will also assume conditions of uniqueness and existence of Proposition 2 and Corollary 1.
Then, me may consider an alternative splitting of the cotangent bundle

TiP=(F) @ TM® (48)

11
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where the projections are the adjoint operators P* and Q* of the projections P* : Ty, P — (LF)O and Q*: Ty P — TM°,
respectively.
Thus, we can define, along M, the following geometric objects:

Rum =P (Rim). (49)
An.m =PslAm, (50)
where A is the Jacobi structure associated to the contact form 7. So, for xe M C P and «, B € TP, we have
Apm (@, B)=A(P*(@).P*(B)).
This structure provides an associated morphism of vector bundles

ﬁAHVM:T;\kAP%TMp, (51)
o= Agm(,-)

Lemma 8. The following identity holds
Q* (dH) = 0.
Proof. It follows directly from the mechanical condition. O

Then, by using the above Lemma, we have that,

P(a(dH)) =Hay , (dH). (52)
Thus, we deduce
Xy,m=PXn)
=P(ay(dH) — HR)
=faym(dH) — HRy M,

along M, and, therefore, we obtain another explicit expression for the solution to Eq. (34), namely

Xum =tayy(dH) — HRy M. (53)

Furthermore, we can define the following bracket from functions on P to functions on M, which will be called the
nonholonomic bracket:

{(f.glum=Aumdf,dg) — fRuM(E) + gRu.M(f). (54)
Theorem 9. The nonholonomic bracket (54) has the following properties:

1. Any function g on P that is constant on M is a Casimir, i.e.,

{f.glum=0,VfeC®(T*Q xR)

2. The bracket provides the evolution of the observables, that is,
Xum(H)={H, figm — fRumH). (55)

Proof. For the first assertion, let g be a function which is constant on M and let f be an arbitrary function on P. Notice
that this implies that dg € (TM)°, hence P*(dg) = 0. Then, along M, we have that

(g flum=Anmdg, df) — gRum(f) + fRuM(E)
= Aq(P*(dg), P*(df)) =0.
On the other hand, by Eq. (53) we deduce,

{H, fig.m — fRuMmH) = {Hay 4 (A} (f) = HRuM(f) = Xum(f) O

12
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Notice that, in particular, all the functions ¢ defining M are Casimir’s.
It is also remarkable that, using the statement 1. in Theorem 9, the nonholonomic bracket may be restricted to functions
on M. Thus, from now on, we will refer to the nonholonomic bracket as the restriction of {-, -}y »; to functions on M.

Proposition 4. The nonholonomic bracket endows the space of differentiable functions on M with an almost Lie algebra structure
which satisfies the generalized Leibniz rule

{(f.ghyym=glf. hyum+h{f. gum— ghRumM). (56)

Proof. Obviously, the nonholonomic bracket is R-linear and skew-symmetric. The generalized Leibniz rule follows from a
straightforward computation. O

Corollary 3. The vector field Ry, m and the bivector field A v induce a Jacobi structure on M if, and only if, the nonholonomic bracket
satisfies the Jacobi identity.

These results motivate the following definition, introduced in [24].

Definition 8. Let M be a manifold with a vector field E and a bivector field A. The triple (M, A, E) is said to be an almost
Jacobi structure if the pair (C*°(M), {-,-}) is an almost Lie algebra satisfying the generalized Leibniz rule (7) where the
bracket is given by

{f.g}=A(df,dg) + fE(g) — gE(f) (57)

With this definition, we may say that the triple (M, Al M, —RH,M) is an almost Jacobi structure.

We will now present two applications of this general framework. The first one retrieves the constraint dynamics for
Lagrangian systems studied in [24]. The second one, permits us to give the Hamiltonian counterpart on T*Q x R from
where, among other results, we will be able to present the Hamiltonian Herglotz equations (92).

4.1. The P-nonholonomic bracket

Notice that to construct the almost Jacobi structure (M,AH,M, —’RH,M), we project the Jacobi structure induced by
the contact manifold (P, n) using the projector P. The motivation behind this construction comes from the fact that the
projection of the Hamiltonian vector field Xy by P is the constrained Hamiltonian vector field Xy u.

Let (P,n,H, M, F) be a constrained Hamiltonian system satisfying the mechanical condition, with R tangent to F and
LF C F. Then,

W (Xp.m) =V (8 (dH — (H + R (H) 1))
=¥ (1 (dH)y)
=0

The first equality is a consequence of the inclusion 1 F C F, the second equality holds since R € F, and the last equality is
a consequence of the mechanical condition. Then, the mechanical condition implies that the constrained Hamiltonian vector field
Xu M is tangentto F,ie., Xy m € F.

Let us now assume the conditions of uniqueness in Proposition 2 and existence in Corollary 1. Then, we have that

LTMNF = {0}. (58)
Therefore, TM N F satisfies that

(TMNF)®(TMNF)=TyP (59)
So, we obtain the projections,

P:TyP —TMANF (60a)

Q:TyP — Y(TMNF) (60b)
Notice that P (Xym) = Xg.m € TMNF and Q (Xum) € *F C L(TM N F). Thus, by the uniqueness, we get

P(Xum) =P (Xum) = Xr.m

13
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Therefore, P provides another projection to obtain the constrained Hamiltonian vector field associated to the constrained Hamiltonian
system (P, n, H, M, F) satisfying the mechanical condition in such a way that the Reeb vector field R is tangent to F and
I
FCF.
Consider a (local) basis of 1-forms {W® = CD?dqi + Widp; + wdz} of F°. Then, for all a,b
WP (5(9)) = (@0 — o7wP) + (Wi pi — WPutpi) + s

So, 'F C F and R € F are satisfied if, and only if, we have that

pn'=0
P! — oul =0,
for all a, b.
Let (pb be constraint functions locally defining M. Then, 1 TM is generated by
Yo =1 (dg")
_ ¢

N+ 2 apy 1 2
= 52 (40) + 5@+ Sor ()

ap° 0 0p° [ d a 0¢° [ 0 a
=——o—t i | (o P
aq' dp;  9p; \9q; 0z dz \ 0z ap;i

gt 0 a¢° apc\ 0 a¢° apc\ 9
api 9q; aq! dz ) op; 9z api ) 0z

So, T(TM N F) is locally generated by the family of (local) vector fields {Y, X4}, where,

0 a a
Xo=2(¥) = Wi om = [0f +ufpi] o+ [0+ imd 5

is a (local) basis of sections of the subbundle L F. Consider a (local) basis {6;} of TM N F. Then, the restriction of any (local)
vector field Y € X (P) to M may be locally written as,

Yim = R'6; + Y+ 29X,
Then, by applying ¥¢ (1F C F), we get
Wl () = veud (Y,)
Let us denote by G the matrix with entries,
Gae =W (Yo).
Hence,
ve=wd (V) g%,
where G4 are the entries of the inverse matrix of G. On the other hand, applying d¢?, we have that
dg® (V) =Y (¢*) = v (6°) +2Cpa,
where C is the matrix with entries given by Eq. (41). Therefore,
= () - ()] = [ () - o ()]
where CP® are the entries of the inverse matrix of C. Hence,
Q(Yim) =¥ (N GeYe+[¥ (¢°) - W (1) g% () | e
P(Yiu) =Y — W9 (Y) gy, — [Y ((pb) — i (v) géesy, ((pb)] chax,.
Therefore, an explicit (local) expression of the solution Xy j; is given by
X = Xnow — W Xi) G = [Xu () = 91 (1) %Y (9) ] X, (61)

14
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Thus, we have another local expression for the constrained Hamiltonian vector field Xy u.
So, it makes sense to define the following almost Jacobi structure,

Rum=P(Rm), (62)
XH,M:P*A‘M. (63)
Then, we may define the following bracket of functions on M

{f. &y =Anmdf,dg) — FRuM(Q) + gRu.mM(S). (64)

Let us call this bracket as P-nonholonomic bracket.
Notice that, as a consequence of -F C F, we may conclude that any vector Y tangent to F satisfies that

PY) =P()

Therefore, Ry m = RH.M-
On the other hand, we may consider the adjoint operators

P* TP (iF)O
Q" :TyP—TM°
P TP — (YN TM))O
Q" : Ty P — (FNTM)°
Then, applying # to L F° and TM®, we obtain a new decomposition of TyP,
THP=Fa1TM
with associated projections, P : TP — F and Q: Ty, P — LTM given by
P=foP*ob, Q=#0Q"0b
Performing the same operation with the projections P* and Q*, we obtain the splitting
TuP=(TMNF)®“(TMNF)
Hence, by uniqueness, we deduce that
foP*ob=P, f#0Q*ob=Q (65)
Let us now consider V, W e Ty P. Then,
Apm (O (V)b (W) =A(P* (b (V)),P* (b (W)
=—dn (£(P* G(V)). 2 (P* (>(W))))
=—dn P (), P W))
Notice that, R € F implies that 7 (1 F) =0, and therefore,
dng QP (V)), P (W)) ={bq QP (V))} (P (W))
=0
The last equality follows since P (W) € F and b (Q(IP (V))) € F. Hence,
Apm (0 (V),b(W)) =—dn (PP (V)),PW))
=—dn P @ (V)),P(P(W)))
Observe that
V=PPV)+QP V) +Q()
Nevertheless, Q (P (V)) e LF € F and Q (V) € TM. Then,
QP (V) +Q (V) e *[FNTM]

15
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Therefore, we get
PP (V))=P(V)
In other words, we obtain
Ag m O (V),b(W))=—dn (PP (V)),P [P (W)))
=—dn (P (V),P(W))
=Aum O V), b (W)

Thus, we have proved the following theorem.
Theorem 10. The nonholonomic bracket {-, -}y yy and the P-nonholonomic bracket {-, ~}E,’M coincide.

Notice that both the Lagrangian and the Hamiltonian descriptions satisfy the mechanical condition, the Reeb vector field
is tangent to F, and -F C F (see the next two sections for a proof). Therefore, this equivalent version of the nonholonomic
bracket may be defined in both cases, giving a completely new way (in both cases) of calculating the bracket of function in a
(Hamiltonian or Lagrangian) nonholonomic contact system.

5. Contact Lagrangian dynamics

A particular but relevant case of contact manifold is given by the manifold TQ x R where Q is an n-dimensional
manifold, equipped with a regular Lagrangian function L : TQ x R — R, i.e., a function on TQ x R satisfying that the
matrix,

3L
Wij =\ 7 (66)
0q'oq/

is regular. So, we may construct a contact form on TQ x R as follows

n=dz—op, (67)

where o) = S*(dL), and S is the canonical vert'ica'l endomorphism on TQ extended in the natural way to TQ x R (see [21]).
ny is called the contact Lagrangian form. Let (ql, q, z) the natural coordinates on TQ x R. Then,

aL
nL=dz — —dgq'. (68)
aq'
Moreover, the energy of the system is defined as follows
;0L
EL=A(L)~-L=¢— —L, (69)
aq!

.0
where A =c'1’a—ql. is the Liouville vector field on TQ extended naturally to TQ x R. The triple (TQ xR, nL, EL) is called a

contact Lagrangian system.
The dynamics is given by the Euler-Lagrangian vector field, which is I'r = Xg, (Eq. (15)) whose integral curves (S, £, s)
are solutions of the following equations
aL d aL oL aL
og dtoq oq oz
z=1 (71)

(70)

These equations were presented by G. Herglotz in 1930 [31] (see also [29,28]), and they will be called Herglotz equations.
In a more recent approach, A. Bravetti et al. [9] and M. de Le6n and M. Lainz [17] have obtained the connection between
these equations and the contact Hamiltonian dynamics. Furthermore, we may derive these Herglotz equations from the
Herglotz variational principle [17, Thm. 2].

In [24], the nonholonomic equations for contact Lagrangian systems with linear kinematic constraints were studied, by
restricting the variations so that they satisfy the nonholonomic constraints in the Herglotz variational principle. We will
prove that this may be understood as a particular case of our general framework of constrained dynamics.

Let us assume that we have linear kinematic constraints (that is, constraints linear on the velocities) defined by a regular
distribution D on the configuration manifold Q with codimension k. Then, there exists a family of local 1-forms {®%},—1
on Q such that

16
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D={veTQ|®"(v)=0}. (72)
Consider the Lagrangian function L: TQ x R — R, and define the set
Q(q1.92.[a,b))? = (v € T:Q(q1. q2. [a, b)) | v(t) € Dy, forall t € [a, b]}, (73)

where, (41, q2, [a, b]) € (C*°([a,b] — Q) is the infinite dimensional manifold given by the smooth curves & on an interval
[a, b] C R such that £(a) =qq and &(b) = q3. Then,

T:Q(q1,q2, [a,b]) = {ve € C®°([a,b] — TQ) |
Tgove=E§, ve(a) =0, Vg:(b) =0}.

So, & satisfies the Herglotz variational principle with constraints [24] if, and only if,

1 TeAjaq gutanpp =0
2. £(t) € Dg) for all t € [a, b].

Theorem 11 ([24]). A path & € Q(q1, q2, [a, b)) satisfies the Herglotz variational principle with constraints if and only if

<8L d8L+8L8L)di€DO
\ ag  deoagi  aqiaz) S TEo (74)
EeD

where D° ={a € T*Q | a(u) =0 for all u € D} is the annihilator of D.
In other words, there exist some Lagrange multipliers A;(q') such that,

dtagi  aqi  agi oz
(1) =0.

From now on, Egs. (75) will be called the constrained Herglotz equations.
The distribution D may be naturally lifted into a distribution D' on TQ x R in such a way that

(D)’ = (1q.r)"D° = §* (T (D x R)°) =< &° = dUdq' >, (76)
where 7 g : TQ x R — Q is the projection given by 7q r (vq.2) =q.
Theorem 12 ([24]). Assume that L is regular. Let X be a vector field on T Q x R satisfying the equation

by (X) —dEp + (EL + Ry (E) nL € D°
Xpxr €X(D x R).

Then,

(1) XisaSODEon TQ x R.
(2) The integral curves of X are solutions of the constrained Herglotz equations (75).

Remark 4. Recall that a SODE is a vector field X on TQ x R such that,

SX)=A (78)
Let (¢') be a local chart on Q. Then, Eq. (78) reduces to

X (qi) ¢, vi.

Thus, X is a SODE if and only if any integral curve of X is written (locally) as (é,é,s) for some (local) curve & on Q.
Observe that, it is immediate to prove that the vector field X defined above is a SODE.
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By considering M =D x R and F = D!, we have that Eq. (77) reduces to Eq. (34) and the quintuple (TQ xR, nL, EL, D x
R, Dl) is a constrained Hamiltonian system satisfying the mechanical condition (Definition 7).

Indeed, the local basis of F° is given by the 1-forms ¢ = CD?dqi, and it is trivial to check the mechanical condition and
LF C F. Furthermore, Ry (®?) =0 for all g, i.e., F is vertical.

Furthermore, as it is proved in [24], the condition of existence in Corollary 1 is always satisfied, and the condition of
uniqueness of Proposition 2 is satisfied, if and only if, the matrix,

(Cap) = (W”@,ﬁ’@?) : (79)

2

. L
where (W”‘) is the inverse of the Hessian matrix (W) = ( ) is regular.

3qi3qk
It is a simple exercise to check that the nonholonomic bracket for the constrained Hamiltonian system (TQ X
R, 9, EL,D xR, D’) given in Eq. (54), coincides with the one given in [24].

6. Constrained dynamics of contact Hamiltonian systems

In this section, we will use the general framework of constrained dynamics developed in Section 3, to obtain the Hamil-
tonian counterpart of nonholonomic Lagrangian systems.
Here, we will consider a Hamiltonian function as a differentiable function H : T*Q x R — R. We may define the canonical
contact form of T*Q x R given by
naq =dZ—9Q, (80)

where 6 is the canonical Liouville form on T*Q x R. Namely,

{00 (g 2)} (Xag. 22) = g (Toy o R (X))
for all (aq.2) € T*Q x R, and (Xo,. %) € T (0y.2) (T*Q xR), where 7q g : T*Q x R — Q is the projection defined by

To.Rr (0g,2) =4q. ‘
Thus, considering the canonical coordinates (ql, Di, z), we have that

nq =dz— pidq'. (81)
Then, the Hamiltonian vector associated to H is locally described as follows,
_0H 0 3H+ OHY\ 9 n 0H H a (82)
= opiagd \ag Pz ) ap " \Plap; 9z
Therefore, its integral curves satisfy the contact Hamiltonian equations
dg’  0H
dt  ap
dp; oH oH
dpi __oH _ oH (83)
dt aq 0z
dz  0H
de bi dapi

From a physical intuitive view, we will derive the Hamiltonian constrained equations from the Lagrangian constrained
equations via the Legendre transformation. The Legendre transformation, is defined as follows,

FL: TQ xR - T*Q xR
(Vq,Z) = d(LTqQX{Z})qu,z)

i.e., locally

FL (qi,qi,z> = <qi, %z)

Along this paper, we will assume that FL is a global diffeomorphism, namely, L is hyperregular. Notice that, in this case, the
Hamiltonian energy is defined by

H=E,o(FL)™ (84)
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Then,
FL*nq =1L
FL,R| =Ro 5)
FL.I'[ =Xy

T*FLobg oTFL =by

Hence, FL transforms the Herglotz equations (70) into the contact Hamiltonian equations (83).

Let us now assume the existence of linear kinematic constraints (on the velocities) defined by a regular distribution
D on the configuration manifold Q with codimension k and a family of local 1-forms {®%}s_1,__x on Q generating D°
(see Eq. (72)). Let us denote by M the image of the constraint manifold D x R by the Legendre transformation FL, say
M=FL(D x R).

Assume that there exists a solution I'; p of the Eq. (77). Then, we may define a vector field Xy m = FL.(I';,p) on
T*Q x R. So, by taking into account Eqs. (85), Xy m satisfies,

{FL* [P (Xu.m) —dH + (H+Rq (H))ng] e D” (36)
(XH.m) y € X (M).
Notice that, by Eq. (76), we have
FL (D) = FLY ((r.») D) (87)
=(tqroFLH)'D° (88)
= (mq.r)" D° (89)

We will denote by D' the vector subbundle of T*Q x R such that (anR)*D" =D!°. Then, the annihilator ®'° is also
generated by the 1-forms ®{dq' on T*Q x R (see Eq. (72)) and, we may rewrite Eq. (86) as follows

bo (Xum) —dH + (H+Rq (H o
[Q( H.M) +(H+Rq (H)nq € (90)

XimeX(M).

So, for the Hamiltonian counterpart we have the constrained Hamiltonian system given by (T*Q x R, nq, H, FL(D x
R), @l) (see Definition 6). Therefore, locally, the constrained Hamiltonian vector field is given by,

X _0H 9 8H+ -8H+Ad>“ 8+ “OH y a (91)

HM =50 aqi aqPi bitgy T 7a®i api plap,- 0z
and its integral curves & satisfy the following equations,
dg’ _ H
5 7
pi _ _0H 9H

de __W_p’ﬁ_)“aq)? (92)
d _ ... 0H
(Ti = Di api H
@) =0, Va

where ¢? are the constraint functions defined by ®; = ¢; o FL. From now on, Egs. (92) will be called the constrained
Hamiltonian Herglotz equations. Thus, we have proved the following result.

Theorem 13. Let be a Hamiltonian function H : T*Q x R — R, and a constraint manifold M C T*Q x R. Let X be a vector field on
T*Q x R satisfying the equation

bo (X) —dH + (H+Rq (H))ng € "

X|M eX (M)

Then, the integral curves of X are solutions of the constrained Hamiltonian Herglotz equations (92). A solution for this equation will be
denoted by Xy m, and will be called constrained Hamiltonian vector field.

Notice that, in general, FL preserves the fibers of 7o g and 7y R, but it is not linear on these fibers. Thus, we may not
assume that M is “linear”, i.e., a subbundle of 7y k. Indeed, the momentum coordinates of the Legendre transformation FL
depend on the real variable “z”, so we may not even assume that M = M x R, for some subset M of T*Q.
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Nevertheless, there is a relevant family of Lagrangian functions which transform the space D x R, with D a regular
distribution of Q, into the space M x R, with M a subbundle of T*Q ; these are those of mechanical type. A Lagrangian L
is of mechanical type if there exists a Riemannian metric g on Q, such that,

1
L(vq,2) = Eg(vq, vg)+V (q.2), V(vq,2) €TqQ x R.
Here, T (vq) = 38 (vq. vq) represent the kinetic energy, and V is the potential energy. Then,
FL(vq.2) = (g (vq).2).
where b is the musical isomorphism associated to g. Thus, in this case, we have
FL(D x R) =bg (D) x R,

and M =bg (D) = DL=° is a vector subbundle of T*Q isomorphic to D, where -1z defines the orthogonal complement
respect to the Riemannian metric g. We will denote the inverse of bg by tig, i.e., bgl ={lg.

Remark 5. For an arbitrary vector subbundle M of T*Q, we may define the annihilator

M ={veTQ |x(v)=0, Vo € M}

Then, M° is generated by local vector fields Z,. So, in the Hamiltonian side the local vector fields Z, will play the role of
the constraints. Indeed,

bg (M°) = (g (M)
which means that the 1-forms,
bg (Za) = ‘Da,

generates D° = (tig (M))O. Notice that any vector field X on Q may be equivalently depicted as a function X : T*Q — R
which is linear on the fibers of T*Q. So, the linear constraints of the Hamiltonian system will be given by the vector fields
Zg, as maps from T*Q to R.

Therefore, we may rewrite the constrained Hamiltonian equations (92) in terms of a subbundle M of T*Q of codimen-
sion k. Notice that, using Eq. (84), we have that our Hamiltonian function is given by

1
H (g, 2) =T (8 (g) . g () — V (@, 2) = 5 (g (8¢ (2q))) = V (@.2) (93)
Locally,
. 1 .. 4
H (q’, pf,Z) = Egl’JPin -V (q’,Z), (94)

where g'J are the entries of the inverse matrix of <gi, i=8 (3% #)) In fact, we may prove the following result for the
case in which the constraints are given by a subbundle M of T*Q.

Theorem 14. Let be a Hamiltonian function H : T*Q x R — R, and a constraint manifold M C T*Q which is a subbundle of T*Q.
Let X be a vector field on T*Q x R satisfying the equations

[bQ (X) —dH + (H +Rq (H)) nq € ®" (95)
XimxR € X (M xR),
where
D" = (mq.r)" Pg (M°)
Then, the integral curves of X are solutions of the following constrained Hamiltonian Herglotz equations,
dg' — 0H
dt — apl
jd% =—%—pi%—§’—ka¢? (6)
a =Digy, —H

¢* (¢ (§)) =0, va
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In this case, the constrained Hamiltonian vector field will be denoted by Xy A¢. Notice that

D" = (q.)"bg (M%) = (Ta.R)" (5 (M))” = (&) 0 (2 (M)*2) (97)

Therefore, Eq. (92) (resp. Eq. (96)) provides the correct nonholonomic dynamics in the Hamiltonian side. From now on,
we will restrict to the case in which the constraints are given by a vector subbundle M of T*Q (see Theorem 14). In other
words, we will restrict to the constrained Hamiltonian systems given by the quintuples (T*Q xR, nq,H, M x ]R,”D’),
where M is a subbundle of the cotangent bundle T*Q.

Let us now investigate the existence and uniqueness of solutions via Proposition 2 and Corollary 1.

From the coordinate expression of the constraints ®¢ = @?dqi defining ®', one can see that Raq (®%) = 0, hence D' is
vertical in the sense of Definition 4. Thus, it satisfies the condition i) of Definition 7.

Let {Z4}q=1._x be a local basis of M°, and

bg (Z‘jlaiqf) = [Zggj,i] dq',
where g; j =g (aiq' %) are the local components of g. Then, ¢ = [ch,lgj,i} dq' is a local basis of ©'°. Therefore,
Xo=t20 (%) =~ [2lg;i] o (98)
api
is a (local) basis of sections of the subbundle LD’. Observe that, it is trivial to prove that
Lol c ol (99)

Theorem 15. The Hamiltonian Herglotz equations (95) have the property of existence and uniqueness of solutions.

Proof. Notice that T (./\/l X R) may be considered as a subbundle of TQ x R along the submanifold M x R. Then, it is
easy to show that the annihilator of the distribution T (M X R) is given by pr’y , r (TM)® where pry g : M xR — M

I 1
denotes the projection onto the first component. Then, let Y = Y?X;, be a vector field on M x R tangent to ~ ©'. Hence,
we have that

YPT Z, (Xp) =0.
Equivalently,

Y?Zlg;izi =0, va.
Then, Y? =0, for all b.

On the other hand, for each (crg,z) € M x R we have that

Ny
° dlm( :Dl\(olq,z)> =k
o dim (T(aq’z) (M x R)) —on+1—k
So, uniqueness implies existence. In fact,
'O T (M x R) =Tpug (TFQ x R), (100)
where Taqxgr (T*Q x R) consists of the tangent vectors to T*Q x R at points in M xR. O
Thus, we may consider these two projectors
PZTMXR(T*QXR)—)T(MXR), (101a)
Q: Thur (T7Q xR) > @, (101b)

and the Hamiltonian constrained vector field Xy a4 is obtained by projecting the Hamiltonian vector field Xy with P, i.e.,
P (XH|MXR) = Xy m is the solution of Eq. (95). Furthermore, an explicit (local) expression of the solution Xy a4 is given
by

Xum = (X pmxr — X (Zb) CPXq (102)
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Recall that, by applying bg, we have a splitting on the cotangent bundle,
Thr (T°Q xR) =T (M x®) @ D",

in such a way that T (M x R) =bq (T (M x R)) and T xR (T*Q x R) are the 1-forms on T*Q x R at points of M x R.

Then, for all a(,, ;) € TE“a ) (T*Q x R) with (ag.z) € M x R, the associated projections Q : T* i R (T*Q xR) — D!° and
, .

P:Th, g (T*Q x R) - T (M x R) are given by

© Q(ay) =" (2(%a (a(e))):
. 5(a(aq,z)) =bq <7D <nQ <a(aqqz))))'

Furthermore, we have the following results, as corollaries of the corresponding ones in Section 3.

Theorem 16. Let X be a vector field on T*Q x R. Then X satisfies Eq. (95), if, and only if,

bo (X)=P(dH + (H+Rq (H))nq) (103)
X|IMxR € XM xR).
Theorem 17. A vector field X on T*Q x R satisfies
bo (X) —dH + (H +Rq (H)) g € D"
if and only if
LxNo +Rq (H)yng € ®"
{ x7q +Rq (H)nq (104)
ng (X)=—H.

Notice that, by Eq. (99), we have that
®a (Xu,Mm) = Pa (XH|MxR)
=, (ﬁQ (dH — (H +Rq (H)) nQ)|MXR)

= ®q (1o (dH)|pmxR)

Then, Xy am —tfo (dH) | pxr €D'. Hence, Xy ¢ € D' if, and only if, 8 (dH)| sk €D'. On the other hand, for all (ag, 2) €
M x R, we have

- 0H
{®q (2o H)pixr))} (g, 2) = {%a—p,} (tq. 2)

= {®}g"*pi} (g, 2)

= Pq (fg (q))
=0
Therefore,
Xumed |, dHpxr €b (@’) -’ (105)

Namely, it is satisfied the mechanical condition (see Definition 7). In other words, we have proved that (T*Q xR, nq,H,

M xR, @’) satisfies the mechanical condition in Definition 7, as well as, ~®! € D!, Rq € D!, and conditions of existence
and uniqueness of the solutions in Proposition 2 and Corollary 1.
Notice that, the mechanical condition also implies that

Tq R (XH,M) €D.

As a consequence of satisfying these conditions, we still may consider another projection on T (xR (T*Q X R) by the
splitting,
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T (M xR)ﬂ@’@[T(M xR)ﬂ@l]J—:TMXR (T*Q x R)

with the projections,

P:Trxr (T¥Q xR) = T (M xR)ND, (106a)
1
Q: Truxr (TFQ XR)H[T(MXR)F\Z‘D[] . (106b)
Therefore,

P (Xt mxR) =P (XHMmxR) = XH, M
Observe that, in this case, it also happens that Rq € T (M X R). Then,

L[T(MxR)m@l]=[T(/\/1><Rmz>l]l.

Finally, we may define a nonholonomic bracket for the constrained Hamiltonian system (H, T*Q x R, M x R, @’) given in
Eq. (54).

Remark 6. Recall that, in this case, the vector fields Zg, as fiberwise linear map over T*Q x R, define locally M x R, and

Xa=to (8%) =~ [2lg;i] -
- - a s
Pl op;
is a (local) basis of sections of the subbundle J"D'. Then, a basis of - TM, is given by

vz 82’c3+,zi8
‘T Pagiap %z

Therefore, the matrix G has the following entries
Gac = D (Yo) = Z}gj.iZt = Xa (Ze) = —Cac (107)
So, T(TM N F) is locally generated by the family of (local) vector fields {Y, X,}, where

0 d d
Xo=2(¥) = Wiom = [0f +ufpi] o+ [0 + ipd 5

is a (local) basis of sections of the subbundle L F. Consider a (local) basis {6;} of TM N F. Then, the restriction of any (local)
vector field Y € X (P) to M may be locally written as

Yim = R'6; +vYc + 19X,
Then, by applying W¢ (L F C F), we get
W (v) = vowd (Y,)
Let us denote by G the matrix with entries,
Gae =W (Yo).
Hence,
v = (1) g%,
where G¥¢ are the entries of the inverse matrix of G. On the other hand, applying d(p’J we have that
dg® (V) =Y (¢*) = v°Yc (¢°) +2Cpa,
where C is the matrix with entries given by Eq. (41). Therefore,
=[x (o) v (o) e
where Cb are the entries of the inverse matrix of C. Hence,
Q(Yi) =W () GV + [ ¥ (¢°) =0 (1) G%Yc () [ e
P(Yim) = Yiu — W9 (Y) Gy, — [Y (<p”) — vl (v) gUsy, (wb)] chax,.
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Notice that, in this case, the Reeb vector field Rq is also tangent to M x R. Then, the nonholonomic bracket is defined
along M x R as follows

{f. &y m=Anmdf,dg) — fRq (g + gRa (). (108)

where

AH,M = ,P*AQ|M><]R,
Aq being the Jacobi structure associated to the canonical contact form nq. Then, along M x R, we have
Xum=Hfay p(dH) —HRq.

Recall that Theorem 9 shows us that this bracket may be restricted to M x R, and provides the correct evolution of the
observables by the formula

Xum(f) ={H. fiy pm— fRo(H). (109)

Let us describe locally this bracket. Let (qi) be a local system of coordinates on Q. Then,

e P*(dg') =dq'

azy . j
o P*(dpi) = dp; + gmiZf'C*pig? dal + ZygiiZiCMdp;
e P*(dz)=dz

This implies that
o fiq (P*(dg')) = 55
; i 8zl | . i ;
e g (P*(dpi) = d%l + [Zégl,izécba - gm,iZame“Pzﬁ] daTj + [Pi + Zf,gl,izécbapj] 2
o to (P*(d2) = pigy; + 2
So,

o Ay (dg', dgl) = Ay aq (dz,d2) = Ay aq (dg', dz) = Ay aq (dpi, dpj) =0.
; i i az!
o Apa(dpidgl) =8] + Z]g i zcbe — gm,iZZ”Cb"plg?

8zt
o Ay a(dpi,dz) = pi+pr (Z{,gz,iZ(’JCb“ - gm,iZ?Cb“pza—,f>
Therefore, by taking into account that Rq = % we have that the local expression of the nonholonomic bracket is given by

o {q.ay pm =P Pl m={2. 2y =0.
) ; ; 8zl
o (pi. 0V =8 + 2381 ZeC™ — gmiZdCM it

9zl
o {pi.Zly m=Dr (Z,Zgz,izflcb“ - gm,iZa’"Cb“pI#)

1

o {d' 2y m=—1
6.1. The contact Eden bracket

We can also define another nonholonomic bracket, based in the projection given by the Riemannian metric defining the
Lagrangian function.
Notice that,

TQ =D& D',
where D = (M). Then, by applying bg, we have that
T"Q =MeD°
In particular,
T"Q xR=WMxR)®D° (110)

24



V.M. Jiménez and M. de Le6n Journal of Geometry and Physics 213 (2025) 105484
Let us consider the projection y : T*Q x R — M x R. Then, it turns natural to define the following bracket of functions,

{f.gle={foy, 8oV mxr (111)

for all f,geC*® (M X R). This bracket will be called contact Eden bracket following the spirit of [26,27].
Let be Z € T(a.5) (T*Q x R), g € M. Consider a curve (« (t), f (t)) € T*Q x R in such a way that (d ), f (O)) =7,
« (0) =0aq and f (0) =s. So, we may define

A =(@®),f®) =y {a®),f()) €Dy,
where b(t) =mq g (@ (1), f () =mq r (¥ (@ (), f (). Notice that y leaves the coordinate on R invariant.
Then,
A(©)=2a (O D (b(©) = 1a () D (b () dqly)- (112)

Observe that A (0) =04 € T; Q, which implies that A4 (0) =0, for all a (since {®Y} is a basis of D°). Therefore, by Eq. (112),
we have in coordinates
. . 9 . . 0
AO=b0) -~ +[¢' @ -y O]~
9qi o, 9Pi o,
. 0 .
=b(0) — +Xq(0)®% (ag) —
9qi o, ‘ i (o) 9Pi o,
Notice that we have used that A, (0) =0, for all a.
On the other hand, observe that
. a iy 0
Z=b(0) — +d'(0) —
9 |(ag.5) Pi |(eg.5)

. 9 . d
TV(Z)Zb(O)a*q'l( )+V(05) (O)aip“( )
i|(ag.s i(ag.s

where « (t) = o (t) H%‘b(t), and y (@) (t) =y @) @ 3it1i|b(r)' Thus,

gy PRI
X=Z—Ty(Z)=[0l’(f)—)/(0l)(f)]a—p,l( )
i|(agq.s
. 3
=g (0) DY (aq) —
() Pi |(aq.5)

Observe that nq (X) = 0. Therefore,

bo (X) =txdiq ==X (P)dd), o =—ha (0) ¥ (g)dg)(,, )
In other words, bg (X) € D!° or, equivalently, X € J'Ql. Thus, we will prove the following result
Theorem 18. Let be og € M. Then,

Ty (2) = P(2),

forallZ e T(y, 4 (T*Q xR).

Proof. Take into account that Z =Ty (Z) + X, with X=Z - Ty (Z) € l@’. Furthermore, obviously Ty (Z) € T (M X ]R).
Then, by uniqueness, we obtain the result. O

Notice that, as an immediate corollary, we deduce

Corollary 4. Ty (Xu|mxR) = XH, M-
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Recall that the adjoint operator of P is given by, P*: T} ; p (T*Q x R) — L9!°, such that, for all « e TZ‘aq’S) (T*Q xR)
and Z €Ty, 5 (T*Q x R), we have
Pa(Z) =a (P (2))
=a(Ty (2))
={T"y (@)} (2)
Hence, T*y = P*.

Theorem 19. The contact Eden bracket {-, -} and the nonholonomic bracket {-, -}y a4 coincide, namely
{(f.8le={fov.8ov}mxr

Proof. Recall that the nonholonomic bracket was defined on functions over M x R as follows

{(f. 8y m=AumAf,dg) — fRuM(E) + ERH,Mm(f),
where

Rum=P (RQ \MXR) ;

AH,M = P*AQ‘MXR,

with Aq as the Jacobi structure associated to the contact form 7q. So, for f, g€ M x R, we have that

Anmdf.dg) = Aq g (P (S). P (dg))
= A xr (TFy (df), T*y (dg))
=Aqmxr [A(foy),d(goy))
On the other hand,

Ruy.m(f)=P (RQ\MXR) (H=A(Ty (RQ\MXR)} (H)=Rajmxr (foy)
Therefore,
{f. 8y m=Aum(df,d2) — fRE M(E) + &R, M(f)
=AQmxr [d(foy),d(goy))
—fRQmxr (8°Y)+ &R pmxr (fo V)
={fov.govhmxr
Notice that, the last equality is a consequence of this fact (f o ¥) yxr = f- So,

{f.8le={fov.8ovmxr O

At this point, it is important to note that we have restricted our results to a Hamiltonian constrained system induced by
a Lagrangian of mechanical type. However, we actually do not need the existence of a Riemannian metric to construct the
Eden bracket, and to prove the associated results. In fact, it is enough to consider a constrained Hamiltonian system given
by the quintuple (T*Q xR, nq,H, M xR, @l), where M is a subbundle of the cotangent bundle T*Q in such a way that

T"Q=M@D°

So, in general, we may easily generalize the Eden bracket, for the case in which our constrained Hamiltonian comes from a
splitting of the cotangent bundle,

T"Q =MeN

where M and N are vector subbundles of T*Q. Then, the constrained Hamiltonian system is defined by the quintuples
(T*Q xR,ng,H. M xR, ‘ﬁl), where

(JTQ’]R)*./\/’ = ‘ﬁlo
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Fig. 1. Chaplygin’s sleigh.

7. Chaplygin’s sleigh

In this section, we work with a model for a sleigh with homogeneous and isotropic Rayleigh dissipation.

A comprehensive study of Chaplygin’s sleigh can be found in [12,37]. The nonholonomic nature of this system has been
analyzed in [20].

The system described in [20,33] has a configuration space given by Q = R2 x S!, with (x, y) representing the coordi-
nates of the center of mass of the sleigh and an angle 6 describing its orientation. We introduce an additional term, yz,
which accounts for friction with the medium following the Rayleigh dissipation model [39,9,8]. Consequently, the resulting
Lagrangian is given by,

1Fy 9. .
L=3 [x2+y2 +]¢2] tyz (113)

where y is the friction coefficient of the carriage with the medium, J is the moment of inertia and we are assuming that
the mass of the sleight m is equal to 1 (see Fig. 1). The units are normalized so that the mass and the radius of inertia of
the sleight is 1. We also denote by a the distance from the contact point of the sleigh and the center of mass.

Thus, L is of mechanical type and the associated Riemannian metric is given by,

g=dx* + dy? + Jdg¢?
The linear kinematic constraints are defined by the following regular distribution,

Do 0 sing 9 0 cos¢ 9
“\dx  a d¢’dy a 9¢

D° = <d¢> - _cosd)dy + —S'2¢dx>

In other words, the linear constraints are given by the equation:

. cos¢. sing.
¢——¢y+—¢x=0.
a a

Therefore, the orthogonal complement is given by,

Dlg=<]siLq>8 cos¢i+8>

aa_]aayﬁ

Now, we consider,
M =bg (D)

- <dx _ 151%‘1’@, dy + 1$d¢>

Let us denote the canonical coordinates of the cotangent bundle of Q by ((x, v, 9),X, Y, 5) Next, we have to calculate the
projection y with respect to the decomposition (110). Thus, after simple calculations we obtain that,

Y ((x,y.9)%7,¢.2) = ((x, Vo), Axs Ay, é (Aycosg — Ay sinqb),z) , (114)
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where 2, and A, are functions depending on (¢,%,¥, ) given by,
J .2 \- J . _ asing —
Mx=(1- sin X COS ¢ sin —
* ( a2+ ] ¢ +az—i—j ¢singy az—l—]q>
J 2, \ = J . _ acos¢ —
Ay=(1- cos cos¢sing x —
Y ( a+J ¢ y+a2+] ¢sing a2+J¢

Therefore, the contact Eden bracket {-, -} is given by,

{(f.glg={foy.goy}, Vf,geC®(MxR).

Recall that the bracket {-, -} is the canonical bracket on T*Q x R and, for any two functions f,g € C® (T*Q X ]R), we have
that,

{f7g}=(a—qi+P15 o oq T Pia; api‘f‘gE—fE,

0g az) of <3f 8f> og of og
where, for sake of simplicity, here the canonical coordinates of Q are being denoted by (qi, p,-). In this way, we only have
to compute the partial derivatives of the composition by y to obtain the contact Eden bracket for this example.

A remarkable aspect of this example is the simplicity of the resulting contact Eden bracket, especially when compared
to the nonholonomic brackets, which have been computed in [24]. Moreover, the computational cost associated with each
bracket is significantly different: while the nonholonomic brackets involve a more complex set of calculations (see [24]),
the contact Eden bracket presents a substantially lower computational complexity, making it a more efficient alternative in
practical applications.

8. Conclusions and further work

Summarizing, we have introduced a general framework of contact nonholonomic dynamics, the constrained Hamiltonian
systems (Definition 6). For this model, we have established a geometric constrained Herglotz equation (34) and its analytical
counterpart. (36). Furthermore, we have thoroughly studied several conditions for the existence and uniqueness of solutions.
In particular, it is noteworthy that we have found a specific matrix whose rank characterizes the conditions for uniqueness
and existence of solutions. Moreover, in such cases, we were able to provide an explicit form of the constrained Hamiltonian
vector field by using this matrix along with the Hamiltonian vector field in Eq. (43). As a further step, we provided two
additional geometric equations (44) and (45), which are equivalent to the aforementioned Eq. (34).

The next part of the paper is devoted to constructing a type of bracket for functions that describe the system’s dynamics.
First, we construct the nonholonomic brackets through an induced almost Jacobi structure nonholonomic brackets by an
induced almost Jacobi structure (54). On the other hand, there are still new projections that induce another bracket, referred
to as the P-nonholonomic brackets (62). We have proved that both brackets are equivalent, and thus, both approaches describe
the dynamics of the system.

We have shown that the known case of constraint dynamics for Lagrangian systems studied in [24] can be obtained as a
particular case of the current framework. We have also present, by the first time, the Hamiltonian counterpart, which turns
out to be another particular case of this framework. Finally, in this context, we have been able to describe another version
of the nonholonomic bracket, which is the so-called contact Eden bracket (111) and which coincides with the two brackets
already described before.

These are some of the subjects on which we wish to work in the near future and which would be a natural continuation
of the results contained in this paper:

1. In a future paper we will extend the reduction procedure developed in [10,13] for contact nonholonomic mechanical
systems.

2. We want to develop numerical integrators for this type of systems, extending the results of [14,23].

3. We will develop a nonholonomic moment map in this case and the relationship with the nonholonomic bracket [10].
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